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1 Intoduction
Riemann zeta $\zeta(s)$ , $\sigma>1$
$\zeta(\sigma)^{-1}\leq|((s)|\leq((\sigma)$
. $\sigma\leq 1$ , .
Theorem A (H. Bohr and R. Courant). $1/2<\sigma<1$ , $\{\zeta(\sigma+it)$ :
$t\in \mathbb{R}\}$ $\mathbb{C}$ .
, zeta . meas $(A)$ $A$
Lebesgue , $\nu_{T}^{\tau}\{$ . . . $\}$ $:=T^{-1}meas\{\tau\in[0.T]:. . .\}$ , . . . $\tau$
. $D$ $D:=\{s\in \mathbb{C}:1/2<\Re(s)<1\}$ , $K$ $K_{1},$ $\ldots,$ $K_{m}$ $D$
.





$\tau$ . $\log\zeta(s)$ $\zeta(s)$
$f(s)$ . $f(s)$
,
$N(\sigma, T)=O(T^{4\sigma(1-\sigma)})$ , $1/2<\sigma<1$ (1.1)
( $f(s)$ ).
(joint universality theorem) .
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Theorem $C$ (B. Bagchi (S. M. Voronin)). $fi(s)$ $K\iota$ , $K\iota$
. $\chi_{1},$ . . . , $\chi_{m}$ Dirichlet .
$\epsilon>0$ ,
$\lim_{Tarrow}\inf_{\infty}\nu_{T}^{\tau}\{\sup_{1\leq\downarrow\leq m}\sup_{s\in K_{l}}|L(s+i\tau, \chi_{1})-$ fi $(s)|<\in\}>0$ .
, , DirichletL $L(s, \chi)$
, $\tau$
. [3] 4 .
, Riemann .
Theorem $D$ (Bagchi). Riemann . $\Leftrightarrow$ $\epsilon>0,$ $K$ ,
$\lim_{Tarrow}\inf_{\infty}1/_{T}^{\mathcal{T}}\{\sup_{s\in K}|L(s+i\tau, \chi)-L(s, \chi)|<\epsilon\}>0$ . (1.2)
. Riemann TheoremB (1.2)
. Riemann , Rouch\’e (1. 1) (1.2)
$=0$ .




. [3, Section 2] $\tilde{S}$ class
. 4 .
Theorem 2.1. $\delta\in \mathbb{R}$ , $\epsilon>0,$ $K$ ,
$\lim_{Tarrow}\inf_{\infty}\iota/_{T}^{\mathcal{T}}\{\sup_{s\in K}|L(s+i\tau, \chi)-L(s+i\delta\tau, \chi)|<\epsilon\}>0$. (2.1)
(2.1) $\delta=0$ , TheoremD Riemann
. .
Theorem 2.2. $\delta_{1}=1$ , $f_{1}(s),$ $f_{2}(s)$ $K_{1},$ $K_{2}$ . Theorem $C$ .
$\delta_{2}\in \mathbb{R}$, $\epsilon>0$
$\lim_{Tarrow}\inf_{\infty}\nu_{T}^{\tau}\{\sup_{1\leq l\leq 2}\sup_{s\in K_{\iota}}|L(s+i\delta_{l}\tau, \chi)-f_{l}(s)|<\epsilon\}>0$ . (2.2)
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TheoreinC . -b $\delta_{2}\in \mathbb{R}$ ,
.
Theorem 2.3. $1=d_{1},$ $d_{2)}\ldots,$ $d_{m}$ $\mathbb{Q}$ , $d\in \mathbb{R}\backslash \{0\}f$ fi $(s)$ $K_{l}$
Theorem $C$ . $\epsilon>0$
$\lim_{Tarrow}\inf_{\infty}\nu_{T}^{\tau}\{\sup_{1\leq l\leq m}\sup_{s\in K_{l}}|L(s+idd|\tau, \chi)-fi(s)|<\epsilon\}>0$. (2.3)
$\delta_{2}$ , Theorem 2.2 . 1, $d_{1},$ $d_{2}$ $\mathbb{Q}$
, 1, $dd_{1},$ $dd_{2}$ $\mathbb{Q}$ .
1, V2, $\sqrt{3}$ $\mathbb{Q}$ , $d^{-1}:=$ $\sqrt{2}+$ 1, $dd_{1},$ $dd_{2}$
$\mathbb{Q}$ .
$\delta_{2}$ , (2.2) .
. $\chi$ Dirichlet , $K$ $:=K_{1}=K_{2}$ , $d_{2}=-1$













Proposition 3.1. $p_{n}$ $n$ , $1=d_{1},$ $d_{2},$ $\ldots,$ $d_{m}$ $\mathbb{Q}$
. $\{$ lOg $p_{n}^{d_{l}}\}_{n\in N}^{\iota\leq\iota\leq m}$ $\mathbb{Q}$ .
Proof. $\{\log p_{n}^{d_{l}}\}_{n\in N}^{1\leq l\leq m}$ $\mathbb{Q}$ .
$\sum_{n=1}^{f}.c_{1n}\log p_{n}+\sum_{n=1}^{f}c_{2n}\log p_{n}^{d_{2}}+\cdots+\sum_{n=1}^{f}c_{mn}\log p_{n}^{d_{m}}=0$; $c_{ln}\in \mathbb{Q}$
$p_{1}^{c_{11}}\cdots p_{r^{ir}}^{C}=(p_{1}^{c_{21}}\cdots p_{f}^{C2}f)^{-d_{2}}\cdots(p_{1}^{c_{m1}}\cdots p_{r}^{c_{mr}})^{-d_{m}}$. (3.1)
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. (3.1) . (3.1) $(c_{21}, \ldots c_{2r}, \ldots, c_{7n1}, \ldots, c_{mr})\neq$
$(0, \ldots, 0)$ Baker [2, 4 3] . $2\leq$
$k\leq m$ $c_{k1}=\cdots=c_{kr}=0$ , Baker [2,
4 3] (3.1) . $(c_{21}, \ldots c_{2r}, \ldots, c_{m1}, \ldots, c_{mr})=$
$(0, \ldots, 0)$ , $c_{11}=\cdots=c_{1n}=0$ .
Lemma 3.2. $\delta_{2}\in \mathbb{R}$ $\{\log p_{n}\}\cup\{\log p_{n}^{\delta_{2}}\}$ $\mathbb{Q}$ .
Proof. $\{\log p_{n}\}\cup\{\log p_{n}^{\delta_{2}}\}$ $\mathbb{Q}$ . Proposition 3.1,
$p_{1}^{c_{11}}\cdots p_{r}^{c_{1r}}=(p_{1}^{c_{21}}\cdots p_{r}^{c_{2r}})^{-\delta_{2}}$ , $c_{11},$ $\ldots,$ $c_{1r},$ $c_{21},$ $\ldots,$ $c_{2r}\in \mathbb{Q}$ (3.2)
. (3.2) . ,
$(c_{21}, \ldots c_{2r})\neq(0, \ldots, 0)$ , $\delta_{2}\in \mathbb{R}$ (3.2)
. (3.2) $\delta_{2}\in \mathbb{R}$ .
, , $\delta_{2}\in \mathbb{R}$ ,
$0<q\in\overline{\mathbb{Q}}\backslash \{1\}$ $q^{\delta_{2}}$ . Proposition 3.1
, .
. . $D$
$H(D)$ , $H^{m}(D):=H(D)\cross\cdots\cross H(D)$ .
$m=1$ ( [3,
Theorem 5.7] $)$ . .
Lemma 3.3. $\{\underline{f_{n}}\}$ 3 $H^{m}(D)$ .
$(a)(\mathbb{C}, \mathfrak{B}(\mathbb{C}))_{-}b$ $\mu_{l}$ $D$ , $\sum_{n=0}^{\infty}|\int_{\mathbb{C}}$ fi$nd\mu\downarrow|<\infty$
, $1\leq l\leq m,$ $r\in$ No $\int_{\mathbb{C}}s^{f}d\mu i=0$ .
$(b) \sum_{n=0}^{\infty}\underline{f_{n}}$ $H^{m}(D)$ .
$(c)$ $K\subseteq D$ $\sum_{n=0}^{\infty}\sup_{1\leq\downarrow\leq m}\sup_{s\in K}|f|_{n}(s)|^{2}<\infty$ .
$\sum_{n=0}^{\infty}(a_{1n}f1_{n}, \ldots, a_{mn}f_{mn}),$ $|a_{tn}|=1,1\leq l\leq m,$ $n\in$ No
$H^{m}(D)$ .
4
[3, Section 2] Sclass , 3
class . Dirichlet
$\mathcal{L}(s):=\sum_{n=1}^{\infty}\frac{a(n)}{n^{s}}$
$\tilde{S}$ class . Selberg classS . Selberg class ,
$\tilde{S}$ class [3, Section 6 and Notations] .
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(i) Ramanujan hypothesis. $a(n)=O(n^{e}),$ $\forall\epsilon>0$ .
(ii) Analytic continuation. $\mathcal{L}(s)$ $s=1$ $\sigma>\sigma c$ ,
$\sigma_{\mathcal{L}}<1$ .
(iii) Finite order. $\sigma>\sigma c$ $\epsilon>0$ $\mathcal{L}(\sigma+it)=O(|t|^{\mu c+\epsilon})$ ,
$tarrow\infty$
$\mu_{\mathcal{L}}$ .
(iv) Polynomial Euler product. $n$ , $p$ $\mathcal{L}(s)=$
$\prod_{\rho}\prod_{r=1}^{n}(1-\alpha_{r}(p)p^{-s})^{-1}$ $\alpha_{r}(p)$ .
(v) Prime mean-square. $\pi(x)$ $x$ . $\kappa$
. $\lim_{xarrow\infty}\pi(x)^{-1}\sum_{p\leq x}|a(p)|=\kappa$ .
$\tilde{S}$ class Reimann zeta , DirichletL , new form $L$ .
$\sigma>\sigma_{1}$
$\frac{1}{2T}\int_{-T}^{T}|\mathcal{L}(\sigma+it)|^{2}dt\sim\sum_{n=1}^{\infty}\frac{|a(n)|^{2}}{n^{2\sigma}}$
$\sigma_{1}$ $\sigma_{m}$ . .
Theorem $E$ ([3, Theorem 5.14]). $\mathcal{L}(s)$ $\tilde{S}$ , $\mathcal{K}$ $\{s\in \mathbb{C}:\sigma_{m}<\sigma<1\}$
, $f(s)$ $\mathcal{K}$ , $\mathcal{K}$
. $\epsilon>0$ ,
$\lim_{Tarrow}\inf_{\infty}tJ_{T}^{l}\{\sup_{s\in \mathcal{K}}|\mathcal{L}(s+i\tau)-f(s)|<\epsilon\}>0$ .
$\tilde{S}$ class Theorem $D$ $[$3, Theorem 8.4$]$ .
(1.1) $\mathcal{L}(s)$ $S$ .
Theorem 2.1 $\tilde{S}$ class . Sclass
.
Theorem 4.1. $\mathcal{L}(s)$ $\tilde{S}$ . $\mathcal{K}$ TTheorem $E$ .
$\delta\in \mathbb{R}$ , $\epsilon>0,$ $\mathcal{K}$ ,
$\lim_{Tarrow}\inf_{\infty}\nu_{T}^{t}\{\sup_{s\in \mathcal{K}}|\mathcal{L}(s+i\tau)-\mathcal{L}(s+i\delta\tau)|<\epsilon\}>0$ .
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